Abstract In this paper, we derive differential equations of the Riccati type satisfied by modular forms of level 5, 6 and 8. For this purpose, we use the high-level versions of Jacobi's derivative formula.
Introduction
There have been many researches in ordinary differential equations (ODEs) satisfied by modular forms. In particular, Hurwitz [1] , Klein [4] and Van del Pol [9] considered the following ODE, 
Van del Pol [9] noticed that the ODE (1.1) corresponds to the Riccati equation, 2 , u = −E 2 is a solution of the ODE (1.2). For the proof, see Sebbar et al. [10] . Sebbar et al. [10] studied the following Riccati equations,
and the correspoding second order ODE
ODEs satisfied by modular forms also apper in mathematical physics. For example, Milas [7] derived the ODE of the form
from the character formula for the Virasoro model and the theory of vertex operator algebras. In particular, the solutions of the ODE (1.3) are given by modular forms of level 5. The aim of this paper is to derive Riccati equations satisfied by modular forms of level 5, 6 and 8. In particular, we propose a new approach to ODEs satisfied by modular forms through the high-level versions of Jacobi's derivative formula, which were studied in [5] and [6] . This paper is organized as follows. In Section 2, we review the properties of the theta functions. In Section 3, we derive some theta-functional formulas. In Section 4, we recall the high-level versions of Jacobi's derivative formula.
In Section 5, we derive ODE satisfied by a modular form of level 4, which turns out to be equivalent to the formula of the number of representations of a natural number n, (n = 1, 2, . . .) as the sum of four triangular numbers. In Sections 6, 7, and 8, we deal with Riccati equations satisfied by modular forms of level 5, 6 and 8.
Therefore, there exist some complex numbers x 1 , x 2 , and x 3 , not all zero, such that
Note that in the fundamental parallelogram, the zero of
, or 0. Substituting z = 1/2, 1/4, and 0, we have
Solving this system of equations, we have
for some α ∈ C \ {0}, which proves the proposition.
6
4 High-level versions of Jacobi's derivative formula From Matsuda [5, 6] , recall the following derivative formulas.
Theorem 4.1. For every τ ∈ H 2 , we have 5 ODE satisfied by a modular form of level 4
Preliminary result
Proposition 5.1. For every τ ∈ H 2 , we have
Recall Jacobi's quartic identity:
For the proof, see Farkas and Kra [2, p. 120]. Therefore, it follows that
where σ(m) is the sum of positive divisors of m ∈ N.
Proof. Set q = exp(2πiτ ). Jacobi's triple product identity (2.5) implies
From the definition, it follows that
The theorem follows from Proposition 5.1.
Derivation of a differential equation
Theorem 5.3. For every τ ∈ H 2 , we have
Proof. The heat equation (2.6) and Proposition 5.1 imply that
(0, τ ) by both sides, we have
Jacobi's triple product identity (2.5) shows
which proves the theorem. .
Remark
Proof. The proposition can be obtained by considering equation (4.5) and comparing the coefficients of the term z 2 in equation (3.4). (0, τ ), and q = exp(2πiτ ).
Derivation of a Riccati equation
Then, W satisfies the following Riccati equation:
Proof. The heat equation (2.6) and Proposition 6.1 imply that Jacobi's triple product identity (2.5) yields
which implies that
The theorem can be obtained by considering that
, we obtain Ax = 0,
where
, and x = t (x 1 , x 2 , x 3 , x 4 ). Since the system of equations (7.1) has a nontrivial solution x = 0, we have det A = 0.
, we obtain
2) which implies that
By the second formula of Proposition 7.2, we obtain the following theorem.
Then, W satisfies the following differential equation: 
